We determine the Strouhal number (St), which can be regarded as a nondimensional measure of the correlation time, from numerical models of convection. The Strouhal number arises in the mean-field theories of angular momentum transport and dynamos, where its value determines the validity of certain widely used approximations, such as the first order smoothing (hereafter FOSA). More specifically, the relevant transport coefficients can be calculated by means of a cumulative series expansion if St < 1 (e.g. Knobloch 1978). We use two independent methods to estimate St. Firstly, we apply the minimal τ -approximation (hereafter MTA) in the equation of the time derivative of the Reynolds stress. In this approach the time derivative is essentially replaced by a term containing a relaxation time which can be interpreted as the correlation time of the turbulence. In this approach, the turnover time is estimated simply from the energy carrying scale of the convection and a typical velocity. In the second approach, we determine the correlation and turnover times separately, the former from the autocorrelation of velocity, and the latter by following test particles embedded in the flow. We find that the Strouhal numbers are generally of the order of 0.1 to 1, which is rather large in comparison to the requirement that St ≪ 1, the validity condition for the most often used approximation (FOSA). However, increasing the rotational influence tends to shorten both timescales, but in such a manner that St decreases, and more importantly, increasing the Rayleigh number decreases the value of St approximately proportional to Ra −0.45 for the parameter range explored in the present study. Thus the results indicate that in the stellar convection zones, where the Rayleigh number is much larger than in the present calculations, the Strouhal number may be significantly smaller.
Introduction
The mean-field theories of angular momentum transport (e.g. Rüdiger 1980 Rüdiger , 1989 and hydromagnetic dynamos (e.g. Steenbeck & Krause 1969; Krause & Rädler 1980) require knowledge of the Reynolds stresses and the mean electromotive force, respectively. Direct analytical calculation of these quantities for astrophysical purposes is not possible at present due to the lack of an established theory of turbulence. Numerical calculations are not much better off since in most astrophysical systems the computational resources needed in order to resolve all important scales are several orders of magnitude larger than currently available.
In mean-field theories these problems are circumvented by relating the Reynolds stresses and electromotive force to the mean quantities (the rotation vector Ω and the mean magnetic field B , respectively) and their gradients by means of a cumulative series expansion. In the best known and most often used approach, the first order smoothing approximation (FOSA), only the first terms of these expansions are taken into account. This approach can be shown to be valid if either the relevant Reynolds number, Re = ul/ν , Rm = ul/η, or the Strouhal number, St = τ u/l is small, where u and l are the typical velocity and length scales, and τ the correlation time of the turbulence.
It is well-known that the requirement for a small Reynolds number is not satisfied in stellar environments. However, the question of the Strouhal number is not settled. On account of the observations of the solar surface granulation, one can estimate the correlation and turnover times to be roughly equal, indicating that St ≈ 1 at the solar surface (see e.g. Chapter 6 of Stix 2002) . Similar values can also be derived for supergranulation for which typical numbers are u ≈ 100 m s −1 , l ≈ 10 7 m, and τ ≈ 10 5 s. However, even for granulation the precise value has, to our knowledge, not been established, and nothing is known about St in the deeper layers. Furthermore, recent results from forced turbulence calculations indicate that if the higher order correlations in the equations of the passive scalar flux (Brandenburg et al. 2004, hereafter BKM) and electromotive force (Brandenburg & Subramanian 2004) are taken into account via the socalled minimal τ -approximation (Blackman & Field 2002 , 2003 , the Strouhal number can substantially exceed unity and roughly equal to unity, respectively.
Although forced turbulence is rather different in comparison to convection, the aforementioned studies still raise the question whether the results of the convection calculations can be interpreted within the framework of the standard mean-field theory as has been done in numerous studies during recent years (e.g. Brandenburg et al. 1990; Pulkkinen et al. 1993; Ossendrijver et al. 2001 Ossendrijver et al. , 2002 Käpylä et al. 2004a) . Motivated by the unknown status of the Strouhal number for convection and the previous studies on the subject in different contexts, we set out to calculate St from numerical calculations of convection. In order to do this, we firstly apply the MTA-closure to the Reynolds stresses in order to find out the relaxation time as in the studies of forced turbulence (BKM; Brandenburg & Subramanian 2004) . Secondly we use an independent method in which we calculate the correlation time from the autocorrelation of velocity and determine the turnover time by following test particles embedded into the flow and define the Strouhal number as the ratio of the two. Whereas the MTA approach can be applied only for the calculations in which Reynolds stresses are generated, i.e. cases with sufficient rotation and away from the poles, the second procedure can be applied to all calculations with or without rotation.
The remainder of the paper is organised as follows: in Sect. 2 the methods of determination of the Strouhal number are discussed and Sect. 3 summarises briefly the numerical model used. Finally, in Sect. 4 the results of the study are discussed.
Methods used to estimate the Strouhal number
We present two independent formulations from which we determine the Strouhal number from numerical models of convection. Firstly, we apply the MTA in the mean-field Reynolds stress equation. In order to make use of the MTA one first needs to write out the evolution equation for the Reynolds stress
If the full Navier-Stokes equation is used in the above expression the end result is rather complicated. To simplify, we linearise, drop out the diffusion terms and all terms containing derivatives. Thus, we are left with the Coriolis terms, which yield
where Ω k is the rotation vector and ǫ ikl the Levi-Civita tensor. Using the MTA-closure we obtain
where we have used the denotion
and τ rel is the relaxation time. The last term on the rhs of Eq. (4) essentially encompasses all higher order effects.
In the local coordinates (x, y, z) which correspond to the spherical coordinates (−θ, φ, −r) the angular velocity can be written as
We only take into account the zeroth order effect, i.e. only the diagonal terms. In this case Ψ 12 = 0, which reflects the fact that the zeroth order horizontal Λ-effect vanishes (Rüdiger 1989) . For the vertical Λ-effect, however,
Substituting back to Eq. (4) and assuming a stationary state in which ∂ t Q ij = 0, the relaxation time can be calculated via the equation
Following the definition of BKM the Strouhal number is now
where k f is the forcing wavenumber which in the present case corresponds to the energy carrying scale, and u t the average rms-velocity in the convection zone. Secondly, we adopt a simpler approach and calculate the correlation and turnover times separately and do this directly from the flow without any excursion to a meanfield theory. We then estimate the Strouhal number from
where τ c is the correlation and t to the turnover time, respectively. The methods with which the timescales are determined are discussed in Sect. 4. Table 1 for a summary of the main parameters of the calculations.
For the purposes of the present study we have added the possibility to follow the trajectories of Lagrangian test particles in the model. In order to integrate the trajectory we need to find out the velocity at the position of the test particle at each integration step. This is done by finding the grid points (n x , n y , n z ) next to the test particle and using linear interpolation to obtain the velocity at the correct position
where x tp = (x tp , y tp , z tp ) is the position vector of the test particle, n = (n x , n y , n z ) denotes the grid point next to the test particle, e i the unit vector in direction i, δx i = x i − x tp the distance between the test particle and the grid point next to it, and ∆x i the grid spacing in direction i. In the present calculations we follow one thousand test particles which are introduced at the middle of the convectively unstable layer at random horizontal positions after convection has reached a statistically stationary state.
The calculations were made with a modified version of the numerical method described in Caunt & Korpi (2001) . The calculations were carried out on the KABUL Beowulf cluster at the Kiepenheuer-Institut für Sonnenphysik, Freiburg, Germany, and on the IBM eServer Cluster 1600 supercomputer hosted by CSC Scientific Computing Ltd., in Espoo, Finland. 
Results

MTA for the Reynolds stress
First it is necessary to discuss the applicability of the MTA in the present context. To begin with, the MTA formulation presented above requires the presence of statistically nonzero Reynolds stresses. For the case of Cartesian convection calculations this refers to runs with sufficient rotation and where the rotation vector is not perpendicular to both horizontal directions, i.e. the box is situated away from the pole. According to the results of Paper I, the Reynolds stresses are statistically different from zero when the Coriolis number, Co = 2 Ωd/u t 0.5. For slower rotation, this formulation of the MTA gives a relaxation time which is indistinguishable from zero. Furthermore, the approximations made in the derivation of τ rel , Eq. (9), require that the Coriolis terms dominate in the Navier-Stokes equations, implying that Co 1 is needed for the results to be valid.
In order to facilitate a direct comparison with the results of BKM and Brandenburg & Subramanian (2004) , we use their definition of the Strouhal number, Eq. (10). Whereas in the forced turbulence calculations the forcing wavenumber k f is an input parameter of the model, it cannot be determined as easily for convection. However, the forcing scale is essentially the same as the scale which carries the most of the energy. We find that for the present calculations the power always peaks at the smallest wavenumbers, i.e. at the largest scales. Thus, a reasonable estimate of the forcing wave number is k f = 2π/max(L), where max(L) = L x = L y = 4. Furthermore, the rms-velocity averaged over the unstable layer does not vary much, except for the more rapidly rotating cases (see Table I of Paper I). It is then the value of the relaxation time which mainly determines the Strouhal number with this method.
The quantities in Eq. (9) are horizontal averages leading to a z-dependent relaxation time τ rel . However, the denominator changes sign near the top of the convectively unstable layer because the vertical flows diverge due to the upper impenetrable boundary. Similar diverging flows occur also in the lower overshoot layer. Therefore, an average over the complete layer does not give reasonable results. We find that the value at the middle of the convection zone z m = (z 2 − z 1 )/2 characterises the global value of τ rel rather well. The error of the relaxation time is estimated with the same method as used for the Reynolds stresses in Paper I, namely by calculating a modified mean error of the mean where we use knowledge of the number of turnover times in the average.
In general, the Reynolds stresses need long integrations of the numerical models for convergence (Chan 2001; Paper I) . In order to improve the statistics and the coverage in Coriolis numbers we analyse here some runs presented in Paper I. The only difference between the runs in Paper I and those in Table 1 is that the former were run two to four times longer in simulation time. A typical result is shown in Figure 1 where the data from seven runs with Coriolis numbers 0.1, 0.5, 1, 2, 4, 7, and 10 at the latitude −30 • from Paper I are plotted. The main feature of the results is that in the slowly rotating regime τ rel increases and peaks when Co = 2, after which it turns into a decrease towards higher Co so that for the most rapidly rotating run the relaxation time is essentially zero. The behaviour of τ rel is explained by the fact that Q zz and Q yy in the denominator of Eq. (9) stay almost constant as function of rotation, leading to a relation τ rel ∝ Q yz /Ω. Thus, the relaxation time follows a very similar trend as a function of rotation as the vertical Λ-effect (see Paper I).
As discussed above, the MTA-approach presented here is probably not valid for slow rotation, i.e. Co 1, so that one should only consider the rapid rotation end of Figure  1 to contain significant information. As we shall see, a similar trend is found when the correlation time is calculated from the autocorrelation of velocities.
Correlation and turnover times
Here we determine the Strouhal number by calculating the correlation and turnover times separately. The correlation time is determined from the autocorrelation of velocity
where the subscript i denotes the velocity component used and t 0 and t the times from which the snapshots were taken. We average the correlations over the horizontal coordinates and obtain a depth dependent correlation C[u i (z, t 0 ), u i (z, t)]. We then estimate the correlation time, τ c , to be the time after which the correlation drops below a fixed threshold value, in this case 0.5. However, the correlation time still depends on depth, and there are discrete time intervals between the stored snapshots (see Figure 2 ). To remedy the latter, we calculate the correlation time within the convection zone for each depth and use linear interpolation on the correlation to find a more accurate value. Furthermore, it is not possible to calculate a local (i.e. depth dependent) turnover time easily since the convection is more of a global rather than local nature with the present parameters (see Figure 3 ). Thus, in order to obtain a global τ c we average the correlation time over the convectively unstable layer. To check the time dependence of τ c we calculate it with respect to at least a few tens of snapshots taken from different parts of the calculation. The final correlation time is an average of these individual values. Figure 2 gives an example from run Co0, showing the horizontally averaged correlations of the vertical velocity u z from thirteen snapshots, each separated by one time unit, with respect to the snapshot at t 0 = 60. The correlation diminishes monotonically as a function of time and for the twelfth snapshot the correlation is below 0.5 in the whole convection zone. Using the procedure described above, we find the correlation time to be τ c ≈ 8.4 for this snapshot (average over the correlation times with respect to 90 different snapshots gives a value 10.7, see the second column of Table 2 ). If the correlation is calculated for one of the horizontal velocity components, τ c is of the same order of magnitude, with the distinction that the correlation time near the surface and in a layer immediately below the convection zone is significantly longer than the one calculated from the vertical velocity. This effect can be understood to arise from the persistent horizontal flows near the boundaries of the convection zone where the up-and downflows diverge to the horizontal directions. This also means that the correlation time depends more strongly on depth and it is more difficult to assign a global τ c . In what follows we estimate the correlation time from the vertical velocity for which τ c remains more or less constant within the convection zone as indicated The vertical lines denote the times where the particle denoted by the solid line crosses the middle of the convection zone. The dotted vertical lines denote the upward and the dashed lines downward crossings. The dash-dotted line shows a particle which is stuck in the lower overshoot layer for the whole duration of the calculation.
by Figure 2 . However, the correlation time varies quite a lot as function of time, i.e. depending on with respect to which snapshot it is calculated. To show this variation, we give error estimates for the correlation times in Table  2 which simply state the mean error of the mean of the quantity. The relative errors of the Strouhal numbers are then the same as those of τ c .
The turnover time is usually estimated by dividing a characteristic length scale by a characteristic velocity, or as above by one over the energy carrying wavenumber times the characteristic velocity. For convection calculations one often uses the depth of the convection zone divided by the volume-averaged rms velocity, i.e.
where the superscript s refers to 'simple estimate'. For example, for the Co0 run, u t ≈ 0.085 and d = 1, giving t
to ≈ 12.0. Using this estimate with τ c = 8.4 would indicate that St is approximately 0.7. Although this simple method probably gives the correct order of magnitude of the turnover time, it is still quite a crude estimate since the values for the typical scales and velocities are rather uncertain and vary nonlinearly as function of rotation and Rayleigh number (see below). Thus a more precise way of calculation is desirable. A way to improve the estimate given by Eq. (14) is to follow the trajectories of Lagrangian test particles in the flow. We use two methods to calculate the turnover time from the test particle trajectories. Firstly, for one particle, one can define the turnover time as follows: the particle is initially at some depth z p from which it is displaced by the convective flow. Descriptive to this flow is that after some distance the vertical flow stops and reverses, usually due to the fact that the flow penetrates into a region stable against convection or it is forced to diverge and possibly cool down at a boundary. Thus, in a time independent flow the particle will return to the depth where it started periodically. The turnover time can then be defined to be the time between which the particle makes two crossovers of some fixed depth moving in the same direction. We deposite the test particles at a height z m = (z 2 − z 1 )/2, and choose to use this as the level with respect to which we measure the turnover times.
However, this choice implicitly asssumes that the vertical scale of motion is of the order of d, which causes problems when the actual scale is significantly different (see Sect. 4.2.2) . The second method involves finding the times where the particle changes its direction, i.e. turns over. Thus, one turnover time would be the time between two consecutive turns to the same direction, e.g. from downward motion to upward motion. The advantage of this method is that the assumption of the vertical scale of convection is removed and all turnovers the particles make are registered. However, the danger with this method is that the smallest scales begin to dominate due to, for example, contributions from particles stuck in the stable layer. This problem is discussed below. Figure 3 shows the trajectories of two test particles in the run Co0. The solid line shows a particle which is carried by the convective flow throughout the calculation. The vertical lines denote the crossing of the zero level, dotted for upward and dashed for downward moving particle. According to the first method the difference between two consecutive crossovers in one direction represents one turnover, and in total this particle makes 11 turnovers during the course of the calculation. Using the second method which measures the times between the turnover points of the particle, 18 turnovers are registered. The difference is clear and due to the small scales which the first method ignores. Table 2 . From left to right: correlation time from the autocorrelation of the vertical velocity, turnover time using Eq. (14), turnover times from test particle trajectories with methods I and II, the Strouhal number for the simple estimate of the turnover time, and St for the test particle turnover times with methods I and II. The last column states the number of snapshots with respect to which the correlation times were calculated. However, some particles get stuck in the lower overshoot layer for a long time and some even stay there for the complete duration of the calculation (the dash-dotted line in Figure 3 ) and either do not contribute any turnovers (method I) or a large number of small turnover times (method II). Figure 4 shows a histogram of the registered turnover times from run Co0 for both methods. In total, the thousand particles make roughly 6700 (I) or 21300 (II) individual turnovers in the course of the calculation. The distributions are centered near 40 and 20 having a more or less Gaussian profile with an exponential tail towards longer times.
Arithmetic average over the distributions shown in Figure 4 give turnover times of t (tpI) to ≈ 59 and t (tpII) to ≈ 25, which in both cases indicate that the Strouhal number to be significantly less than the 0.9 which was obtained with the simple estimate of the turnover time. However, one must bear in mind the drawbacks of the methods with which the turnover times were calculated. Method I works well if the vertical scale of convection is large enough, i.e. of the order of the depth of the convectively unstable layer. Furthermore, the reference depth with respect to which the turnovers are registered slightly affects the result, although this effect is rather small as long as the reference depth is clearly within the convectively unstable layer. The first method still misses the smaller scale turnovers which happen far away (in comparison to the scale of convection) from the reference level. The second method, however, captures these but it also picks up the small scale turnovers in the stable layer. This is problematic, since we are presently interested in the dynamics within the convection zone, and the dynamics outside of it are now contaminating the result. However, the percentage of particles permanently stuck in the overshoot layer is rather small: of the order of a few tens out of the one thousand particles for the nonrotating cases, and practically zero for the rapid rotation calculation where overshooting is much weaker (see Paper I). Thus these particles have only a small effect on the estimate of t to . Furthermore, it is easily seen from columns four and five in Table 2 that the trends in the values calculated with both methods are quite similar, bar the runs where Ra varies. This discrepancy is dealt with in the next subsection.
Dependence on the Rayleigh number
We have made a set of runs varying the Rayleigh number from 1.25 · 10 5 to 5 · 10 5 , denoted by lCo0, Co0, and mCo0 in Table 2 . Here we find that the two methods of calculating the turnover time give opposite trends as Ra is increased. With the first method, t to seems to increase sligthly as function of Ra, which is most likely linked to the fact that the input flux diminishes as Ra increases which causes the velocities to become overall smaller as well. The input flux drops by a factor of two from lCo0 to mCo0 and the average velocity changes about ten per cent. This, however, is enough to explain the change of the turnover time between the runs. On the other hand, with the second method t to decreases as function of Ra which can be explained by the fact that contributions of smaller scales are now resolved in the model. The change in the turnover time is small compared to the change in the Strouhal number, see columns seven and eight of Table 2 . Thus the change in St is due to the fact that τ c is strongly decreased. The correlation time seems to follow a power law τ c ∝ Ra −0.45 (see the upper panels of Figure 5 ), and the Strouhal numbers calculated from τ c follow a very similar trend. The calculations in the present study still represent laminar or at best weakly turbulent regime. Thus it is expected that the correlation time decreases as function of Ra since the turbulence becomes more vigorous. However, it remains to be seen if this trend continues as the Rayleigh number is increased further.
Effects of rotation
In Paper I, we have shown that the efficiency of convection and overshooting is reduced as rotation increases. The latter effect indirectly indicates that the spatial scale of convection decreases which could lead to shorter turnover time if the overall velocities are less affected. The decreasing horizontal scale of convection as a function of rotation can be seen for example in Figure 4 of Paper I. In order to study the effects of rotation on the Strouhal number we have made three sets of calculations with varying rotational influence. We denote these runs by the prefix Co01, Co1, and Co10, which correspond to the intended Coriolis numbers 0.1, 1, and 10 in the runs (the actual values of Co achieved in the calculations vary, see Table 1 ). We also probe the latitudinal dependence by making calculations at latitudes 0 • , −30 • , −60 • , and −90 • for each rotation rate. The correlation and turnover times, and the resulting Strouhal numbers for all the calculations are presented in Table 2 .
For the slowest rotation, we find little differences to the nonrotating case Co0 which was discussed above. However, the correlation times tend to somewhat increase as compared to the nonrotating calculation, although the individual correlation times do vary in a rather large range (see the second column of Table 2 ). For the Co1 set the correlation time is markedly shorter (about 7-8 time units as opposed to 11-14 in the run Co0 and the Co01 set). This can be explained by the deflection of the vertical flows by the Coriolis force, leading to smaller vertical scale of convection which tends to shorten the correlation time. Support for this conjecture is given by the decrease of the turnover time from the test particles (escpecially t (tpII) to ).
A similar decrease in correlation time is noted to occur also if it is estimated from the horizontal velocities.
For the most rapidly rotating case, Co10, the trend of decreasing spatial scales continues. This is manifested in the clearly shorter turnover time t (tpII) to as opposed to the more slowly rotating runs discussed above. For the turnover time t (tpI) to calculated with the fixed reference depth, the problem of the implicitly assumed vertical length scale aggrevates and the results differ little from those with slower rotation, bar the equatorial case where the overall velocities increase by a large factor. Here, it is also important to note the even more misleading value of the turnover time given by the simple method, Eq. (14). Whereas t (s) to increases with rotation due to the smaller velocities in general, the actual turnover time decreases due to the smaller spatial scale of convection. As for the correlation time, the strong Coriolis forces tend to disrupt the cellular structure of the convection rapidly resulting in a shorter τ c . Considering the Strouhal number, the decrease in τ c overweights the decrease of the turnover time so that the actual value of St decreases as well.
Curiously, we find that St is more or less consistent with a powerlaw St ∝ Co −0.45 as function of the Coriolis number for moderate and rapid rotation (see the lower panels of Figure 5 ). This is very similar to the powerlaw found in the case of increasing the Rayleigh number, although there the parameter range is much smaller. Furthermore, the qualitative trend in Sect. (4.1) is the same, i.e. that St approaches zero when rotation is rapid enough.
Due to the differences in the definitions of the Strouhal number we cannot assign a precise value of St for the calculations. However, the order of magnitude, St ≈ 0.1 . . . 1 for the present calculations, is quite probably correct. Furthermore, the most important result is the clear decrease of the Strouhal number, regardless of the definition used, as functions of Rayleigh and Coriolis numbers.
